The three form factors entering the ∆ → N γ vertex are calculated to O(ε 3 ) in the framework of a chiral effective theory with explicit ∆(1232) d.o.f. included. Corrections to leading contributions entering the expansion in inverse powers of the chiral symmetry breaking scale Λ χ are identified. The low q 2 behavior of the form factors is given by πN , π∆ loops. The role of presently unknown low energy constants that affect the values of EMR and CMR is elucidated.
I. INTRODUCTION
The electromagnetic transition of the ∆(1232) resonance to the nucleon is of particular interest as far as our understanding of the structure of the latter is concerned. Specifically, it allows one to probe the issue of whether the nucleon is "deformed", since, apart from the dominant magnetic dipole (M 1 ), two more multipoles are in principle allowed in such a J P = + transition, a quadrupole electric (E 2 ) and Coulomb (C 2 ) one, which vanish identically in models of the nucleon with spherical symmetry. The relevant reasoning can most naturally be supplied within the framework of the non-relativistic quark model with SU(6) symmetry and extensions thereof that allow for one-gluon exchange tensor forces between quarks [1] . Accordingly, the amount of deformation is quantified using the multipole ratios EMR=E 2 /M 1 and CMR=C 2 /M 1 .
Given, now, that the ∆(1232) resonance decays strongly, the radiative form factors cannot be measured directly in electron scattering. Rather, they have to be extracted from data on two-step processes like pion electroproduction or virtual Compton scattering on the nucleon. Experiments of that type are actively being pursued at the moment and eagerly awaited data are forthcoming [2, 3] . From a theorist's perspective, treatments of this radiative transition may be grouped in two categories:
1. Calculations of the form factors per se, using different theoretical frameworks that aspire to fundamentally-based descriptions of the N − ∆ system. The chiral Bag model [4] , dispersion relation techniques [5] , lattice gauge theory [6] and chiral perturbation theory [7, 8] constitute such attempts.
2. Direct theoretical treatments of the abovementioned scattering processes (four-point function) based on effective Lagrangians supplemented with a method of choice to unitarize the amplitudes [9] .
In the context of the latter approach, the method of extracting the radiative form factors has to address the separation of background and resonance contributions to the amplitude. Suffice to note, that, in the extensive theoretical literature on this subject, non-negligible deviations are found between predictions for EMR(CMR) using different unitarization methods for a given effective Lagrangian without a consensus, regarding which treatment is preferable, having been reached.
In the present work we address the ∆(1232) to N radiative transition using an effective chiral perturbation theory with explicit inclusion of ∆(1232) degrees of freedom, according to the scheme developed recently by Hemmert, Holstein and Kambor [10, 11] . Being universally accepted as the appropriate low energy effective theory for QCD, chiral perturbation theory has the basic attractive feature that it can be handled, in its domain of applicability, as a fundamental field theory. As such, it can be used to calculate both the vertex and the scattering amplitude. In other words, it raises no issue of background vs. resonance separation. Once it is employed to produce the pion electroproduction amplitude, which operationally entails that unknown low energy constants (LEC) be fitted to the data, then the vertex calculation would predict the EMR and CMR. Clearly, as we are dealing with a low energy effective theory, the q 2 dependence of a given physical quantity can be trusted only at low values. Accordingly, our final applications will be discussed in this spirit.
The most general form of the ∆ → Nγ radiative decay amplitude that complies with Lorentz covariance, gauge invariance and parity conservation is described by three form factors. We write
Here M N is the nucleon mass, p N,∆ denotes the momentum of the nucleon, Delta and q, ǫ are the photon momentum and polarization vectors, respectively. The Delta is described in the Rarita-Schwinger formalism. The M 1 , E 2 and C 2 multipoles allowed in electromagnetic transitions can be cast as linear combinations of the form factors g 1 , g 2 and g 3 [12] . The above expression constitutes the point of reference for all considerations in this paper.
In a chiral effective theory which includes ∆(1232) d.o.f., a scale ε = {p, m π , δ} denoting, collectively, small external momenta, the pion mass and the Delta-nucleon mass splitting is used to perform the perturbative counting [11] . This strategy will be referred to as "small scale expansion" (SSE) and will be discussed in detail later on. In this work we study the radiative vertex to O(ε 3 ). This is the first order where loops contribute in the abovementioned approach. As will be shown later, an O(ε 3 ) calculation entails corrections up to O(1/Λ 2 χ ), with Λ χ the chiral symmetry breaking scale. A complementary calculation of the pion photoproduction amplitude to the same order is in progress.
There have been previous analyses of the radiative transition in the frameworks of a similar theoretical approach, by Butler et al. [7] and by Napsuciale and Lucio [8] . Our work differs from the aforementioned references in the following aspects:
• The most crucial difference is that we address the form factors and not just the realphoton point. This entails (a) a q 2 dependence in our expressions and (b) the presence of an additional form factor (g 3 ), or, equivalently, our calculation yields the CMR(q 2 ), in addition to the EMR(q 2 ).
• In our treatment of the counterterms (or LECs) we include the first correction to terms entering the expansion in powers of 1 Λχ to the O(1/M 0 ) (with M 0 the nucleon mass in the chiral limit) contact term that arises naturally in the systematic framework of [10] but was omitted in the analyses of [7, 8] .
• Our identification of the g 1 and g 2 form factors differs, after a more careful handling of the Pauli reduction of the most general radiative amplitude, from the one in [8] .
This article is structured as follows. In the next Section we briefly review the essentials of the ε expansion. In Section III, we discuss the most general form of the Pauli-reduced transition amplitude which is consistent with the O(ε 3 ) calculation in the SSE. We then proceed, in Section IV, to calculate the loop as well as chiral counterterm contributions. The resulting expressions for the form factors are identified in Section V, while those for the multipoles in Section VI. Numerical values for the EMR, CMR using presently available (theoretical) input are furnished in Section VII. In the same Section we give numerical as well as analytical results for (complex) "radii" corresponding to the three form factors. We summarize and offer our perspective for future efforts in the concluding Section. Finally, we devote an Appendix to the discussion of technical matters.
II. CHIRAL LAGRANGIANS AND THE "SMALL SCALE EXPANSION"
A. Heavy Baryon ChPT QCD being a strongly coupled theory at low (of the order of 1 GeV) energies, renders traditional perturbative expansions in the coupling constant inadequate. Chiral perturbation theory offers an alternative perturbative expansion, namely one that is realized in terms of the external momenta involved in a given physical process. The original strategy was based on the notion that at low energies an effective theory of QCD will involve only the nearly massless (i.e. the Goldstone bosons: pions etc.) degrees of freedom [13, 14] . Accordingly, chiral perturbation theory has been very successful with respect to applications in the meson sector. With the inclusion of baryons, however, the systematic power counting of ChPT fails, since baryon masses M B (≥ 1 GeV) cannot join the set of the expansion parameters {external momenta, m π } as they are by no means small. A systematic power counting can, nevertheless, be defined through a splitting of the nucleonic field degrees of freedom into heavy-light modes and integrating out the former. The cost of this procedure is to burden the effective description with additional, higher order contact interactions. Generalizing recent developments in heavy quark effective theories (see, e.g., [15] , [16] ) heavy fermion methods were first applied to baryon chiral perturbation theory by Jenkins and Manohar [17] . The basic premise is the adoption of a non-relativistic mode of description, which entails restriction to four-velocities of the form v µ ∼ (1 + |δ δ δ|, δ δ δ), |δ δ δ| ≪ 1. On an operational level this means that all momentum dependence in the theory is only governed by (non-relativistic) soft momenta k µ , defined via
where p µ is a typical nucleon relativistic four-momentum and M 0 corresponds to the nucleon mass in the chiral limit. The range of validity of the resulting effective theory demands that each component k µ << Λ χ , with the chiral symmetry breaking scale being Λ χ ≈ 1GeV. This approach is commonly referred to as Heavy Baryon Chiral Perturbation Theory (HBChPT).
In the construction of the effective theory we will follow the systematics laid out in [18] . The general philosophy is to take the fully relativistic theory as the starting point and then perform a systematic non-relativistic reduction. This procedure automatically guarantees the proper 1/M corrections to higher order coupling terms in the Lagrangian. Alternatively, one could start from a general Lagrangian within the non-relativistic framework, but then has to implement the so called "reparameterization invariance". The latter approach is, for example, quite common in the field of heavy quark effective theories [19] .
We now briefly sketch the derivation of the (non-relativistic) chiral Lagrangians for matter fields. For details we refer the extensive literature of reviews ( [20] , [21] , [11] )
We start from the chiral relativistic SU(2) Lagrangian for nucleons
with the relativistic nucleon isospinor field ψ N = ψ p ψ n and
being a string of general nucleon-nucleon transition matrices Γ (n)
N of increasing chiral power n [22] . For example, to leading order one obtains the well-known structure
where D µ , M 0 denote respectively the chiral covariant derivative and the nucleon mass in the chiral limit. The parameterġ A corresponds to the pseudovector πNN coupling constant (in the chiral limit) and the chiral tensor u µ describes the coupling of an odd number of pions with nucleon. For more details we refer to [22] .
The second step is a redefinition of the relativistic nucleon fields via
with the velocity-dependent projection operators P
. N is typically called the "light" field, whereas H is commonly referred to as the "heavy" field. The relativistic Lagrangian Eq.(3) then takes the general form
where the matrices A N , B N , C N are defined via
We note that each matrix consists of an infinite string of terms of increasing chiral power n, analogous to Eq.(4) 2 .
Now one shifts the fields and integrates out the heavy component H. The resulting (non-relativistic) effective Lagrangian reads
For the case of SU(2) the explicit form of this effective Lagrangian for spin 1/2 nucleons has been worked out up to n = 3 by several groups (e.g. [23, 24, 25] ). Generalizations to even higher orders are under way [26] . The important point to note is that the inverse of matrix C N is calculated perturbatively, which confines the resulting effective Lagrangian to the non-relativistic regime.
B. The Small Scale Expansion
HBChPT as described above, has been quite successful for scattering processes off a single nucleon near threshold (for reviews see [20, 27] ). At higher energies, however, the contribution from nucleon resonances like ∆(1232) can no longer be parameterized via higher order nucleon-nucleon couplings in Γ N , etc. At some point, i.e. once explicit propagation of a nucleon, or meson, resonance has to be included, the above described contact interaction approach breaks down. So if one is interested in kinematic conditions of such dynamic resonance contributions, or in investigations into the low energy structure of nucleon resonances, it becomes mandatory to include low lying resonances as explicit degrees of freedom in the effective Lagrangian Eq. (9). In particular this means the inclusion of the spin 3/2 nucleon resonance ∆(1232) in the case of an SU(2) analysis.
The first efforts towards this direction were performed by Jenkins and Manohar [28] . In the present work, however, we follow a specific generalization of the construction method of Ref. [18] (as outlined above), which is called the "small scale expansion" (SSE) [10, 11, 29, 25] . The main difference to HBChPT lies in the fact that the chiral power counting is modified in a phenomenologically inspired fashion. In the SSE approach one expands in the small scale ε = {soft momenta, m π , δ 0 }, where δ 0 = M ∆0 − M 0 corresponds to the Deltanucleon mass splitting in the chiral limit, whereas in HBChPT one expands in the quantity 2 Technically speaking, matrices A N , B N start with chiral power n = 1, while C N begins with
This appearance of a large mass term 2M 0 > Λ χ in C N is also the reason why the H fields are denoted "heavy" and ultimately get integrated out.
The chiral power counting of HBChPT as an expansion of all quantities in a power series governed by p n is taken over by SSE as an expansion of all quantities in a power series governed by ε n . In the following we only briefly discuss the construction of the relevant SU(2) Lagrangians with explicit pion, nucleon and Delta degrees of freedom and their couplings to arbitrary external fields. For details we refer the interested reader to [10, 11, 29, 25] .
The starting point this time is a set of coupled relativistic SU(2) Lagrangians of relativistic nucleon and Delta fields
where each baryon matrix Γ X , X = N, ∆, ∆N is a string of terms of increasing power in ε n , analogous to Eq.(4). For the spin 3/2, isospin 3/2 Delta field we utilize a Rarita-Schwingerisospurion notation, as laid out in the appendices of Ref. [11] . In the Rarita-Schwinger formulation for spin 3/2 fields one encounters the well-known redundancy of degrees of freedom, which calls for six projection operators before one is able to isolate the "light" spin 3/2 component T µ from the "heavy" one G µ :
with
The "heavy" spin 3/2 field G µ is a five-component object. An explicit representation can be found in [11] but is not needed here.
Suppressing all spin-isospin indices, the coupled set of relativistic Lagrangians in Eq.(10) can then be written as
3 In strict HBChPT δ 0 counts as a quantity of order p 0 . This is formally correct but can lead to poor convergence properties in the perturbation series. The difference between HBChPT and SSE can ultimately be traced back to the fact that δ 0 is non-vanishing in the chiral limit. For more details we refer to the discussion in [30] regarding the spin-polarizabilities of the nucleon. Now one integrates out the "heavy" nucleon and "heavy" Delta components H, G and finds the resulting (non-relativistic) effective Lagrangian with explicit nucleon and Delta fields:
withÃ
andC
The explicit form of the effective Lagrangian, Eq. (14), in the "small scale expansion" has been worked out to n = 2 in Ref. [11] . For n = 1 one finds
In addition to the structures already discussed in section II A one encounters the PauliLubanski spin vector S µ and the πN∆, π∆∆ bare coupling parametersġ πN ∆ ,ġ 1 . Furthermore, the chiral tensors w ǫ ijk τ k corresponds to the isospin 3/2 projector. For more details we refer to [11] .
At n = 2 we are only interested in ∆Nγ vertices, as will be discussed in section IV A. One finds [11] 
In the radiative decay of the ∆(1232) the fact that there is no S-wave multipole allowed precludes the possibility of having an O(ǫ) ∆Nγ vertex. The parameter b 1 carries the main strength of the M1 ∆Nγ transition and f i +µν corresponds to the chiral field tensor which parameterizes the coupling of an external isovector field to the N∆ transition current.
The relativistic O(p 2 ) ∆Nγ contact terms have been considered previously in [31] and can be parameterized in terms of the LECs b 1 , b 6 as follows (19) where
, as in Eq. (18), the isovector photon component [32] and y 1,6 are the so-called off-shell coupling constants.
While the desired analysis for n = 2 is quite simple, the situation at n = 3 is more complex. In fact, there is no agreement in the literature about number and/or structure of the subleading ∆Nγ vertices (e.g. compare refs. [7, 8, 9] ). In the next subsection we shall explicitly construct the n = 3 ∆Nγ vertices according to the SSE approach. 
where the superscripts denote the SSE dimension.
Using Eq.(19) and the orthogonality properties of the light-heavy projection operators we find (dots signify terms that are irrelevant to the present analysis)
and (for the b 1 part)
where we have suppressed isospin indices.
In a similar manner one obtains the contribution to B
∆N associated with b 6 5 . The two contributions to the relativistic correction we seek read 5 The reason we refrain from explicitly presenting the relevant quantity is that, as it will turn out, it has zero contribution to the amplitude.
Notice that since we are interested in the ∆Nγ vertices (i.e., no pions) the covariant derivative D µ can be replaced by a simple ∂ µ derivative given that a photon field is already contained in the electromagnetic field tensor f ρβ + . Interestingly, one observes that the off-shell couplings do not enter the relativistic correction.
Finally we have to determine that piece of A N ∆ which will enter our computations. The relevant process is along the lines of the one developed in the previous subsections. As we have to construct the relativistic O(p 3 ) ∆Nγ operators, the quantity f
T µ will be involved. The following structures are possible:
It is straightforward to verify that only the first and third quantities will survive. Moreover, to the approximation we are working, which leads us to replace D ν by ∂ ν ), they give identical contributions. Accordingly, we find
where D 1 and E 1 are appropriate low energy constants (LEC).
6
Gathering the above results we determine:
∆ T + h.c.
III. NON-RELATIVISTIC REDUCTION OF THE ∆ → N γ VERTEX Since the leading order Lagrangian counts as ε 1 and, from the general exposition in the previous Section follows that each new order in the SSE contributes a power ε/M, the 6 The last term of Eq.(24) appears in the "small scale expansion" due to the fact that the Deltanucleon mass splitting δ 0 counts as a quantity of O(ε). Therefore, one has to construct additional relativistic contact terms which are products of lower order interactions and the new small scale δ 0 . For a discussion of this issue see Ref. [25] .
calculation of the radiative Delta decay to O(ε 3 ) will include all terms up to O(1/M 2 ). Thus, in order to compare our calculation with Eq.(1) we must find the most general form of the amplitude consistent with an O(1/M 2 ) estimate. In our case it is convenient to use the ∆(1232) rest frame where a Pauli reduction of the amplitude allows one to identify the various multipoles.
As far as Dirac spinors are concerned the situation with the Pauli reduction is well-known. For the Delta field, on the other hand, we think that is worth providing our conventions. We start from the fact that the Rarita-Schwinger representation of the ∆(1232) requires, in the free case, the satisfaction of the constraints (in order to reduce its degrees of freedom to the physical ones)
A specific representation consistent with these constraints is the following
with E ∆ , M ∆ and p ∆ the energy, mass and three momentum of the Delta particle, respectively and Σ µ the four-vector given by
where S denotes the spin 3/2 → 1/2 transition matrices [9] .
For our purposes, we need an explicit expression for the spin-3/2 particle at rest. Setting p ∆ = 0 we find
Next, we have to expand the various terms entering Eq.(1) in powers of 1/M and restrict ourselves up to O(1/M 2 ) accuracy. Using the analogue of the four-component notation of the SSE
with p µ X = M 0 v µ + r µ X , X = N, ∆, we finally arrive at the following expression
Some comments regarding the above equation are appropriate:
1. To the order we are working the energy ω of the outgoing photon four-momentum is
2. For q 2 = 0 Eq. (31) is not in agreement with the analogous expression of Ref. [8] . There, the nucleon mass dependence of the Dirac spinors apparently was not taken into account.
Eq.(31) has been derived under the following assumption that all the form factors scale at least as O(1).
4. It is inconsistent with our subsequent loop results. This can be most easily seen by the structure proportional to ǫ · q. According to the 1/M expansion this structure should not exist to O(ε 3 ). However, as it will turn out, the loop diagrams of Fig. 1 produce a non-trivial q 2 dependence which scales as 1/Λ
We conclude that the form of the relativistic isovector nucleon-Delta transition current as given by Eq.(1), is not ideally suited for microscopic calculations of these form factors which rely on 1/M expansions. We find it, therefore, advantageous, in view of the above remarks, to define a new set of form factors, by rescaling the previous ones. We propose the following definition
which leads to the relativistic ∆ → Nγ transition matrix element
The advantage offered by this parameterization offers can be seen most easily once one performs a 1/M expansion of Eq.(33) restricted, as always, to O(1/M 2 ):
The above formula serves as the basic connection between our (non-relativistic) results calculated in the SSE approach and the desired (relativistic) radiative transition matrix element entering Eq. (33) . One can easily check that Eq. (34) is gauge-invariant to O(1/M 2 ). Also it allows for a non-vanishing q 2 -dependent contribution in each of the four independent structures in accordance with the results coming from the SSE calculation to O(ε 3 ) which we present in the next section.
IV. THE CALCULATION A. Born Contributions
In the present subsection we discuss the Born contribution to the amplitude. The relevant expressions resulting from each ∆Nγ tree level vertex have the following explicit forms
where the superscripts tabulate the relevant vertices, in relation to the LECs, while "rc" stands for "relativistic counterterm". 7 To the order we are working we can identify the parameters M 0 , δ 0 with the physical values
We mention that, the second relativistic correction Lagrangian term in Eq. (23) gives zero contribution to our form factors. To see this, note that the derivatives acting on the Delta field bring down factors (S · r ∆ ) and (r ∆ · T ) where r µ ∆ is the ∆(1232) soft momentum. In the ∆(1232) rest frame, where our calculation is performed,
Both (S · r ∆ ) and (r ∆ · T ) therefore vanish due to the light Delta constraints. We do anticipate, on the other hand, that this operator will contribute to the resonant Born diagram in pion photo-production where the intermediate ∆(1232) will be off-shell.
The overall Born contribution, therefore, is
In the next subsection we will turn our attention to contributions from loop corrections to the transition vertex.
B. Loop contributions
To O(ε 3 ) one can draw 10 independent loop-diagrams for the ∆ → Nγ transition (see Fig. 1 ). However, due to the constraints v · u 
Here the N and ∆ labels on the functions F i , G i , ... denote the intermediate baryon propagator in diagrams (i) and (j) of Fig. 1 , respectively, while the isospin factor χ takes the value − . The loop functions are defined aa follows
where the t ≡ q 2 dependence arises implicitly through M We close the present subsection with a brief discussion concerning renormalization issues. It is straightforward, using Eq. (38) The renormalization procedure consequently awaits to be completed in the future. Accordingly, we postpone to section VII the discussion of numerical estimates.
C. A note on gauge invariance
Gauge invariance requires that, upon setting ǫ µ → q µ , the amplitude must vanish. The general amplitudes Eq.(31) and Eq.(34) satisfy this requirement explicitly (recall that in 8 The interaction terms propotional to these two LECs are what one calls counterterms in the conventional field theoretical language. Nevertheless, as is usual in ChPT we will employ the same name for the b 1 , b 6 interactions in order to denote that all four terms are of higher order in the SSE.
both ǫ 0 → q 0 = δ). In the case of our loop calculation this requires
separately for i = N and i = ∆. This provides for a stringent test of our calculation. From the explicit formulae Eq.(38) and Eq.(A5) one can show that the constraints, cf. Eqs.(39), are indeed satisfied. This is most easily seen by partial integration of the
Combining the loop result, Eq. (37), with the Born contributions, Eq. (36), we obtain the total O(ε 3 ) amplitude. This is to be compared with the general form of the amplitude, Eq. (34). The identification of the three form factors is straightforward. At this point we have no information about the magnitude of the counterterms b 1 , b 6 , D 1 , E 1 . However, the important observation is that the unknown counterterms only affect the overall normalization of the 3 form factors G i (q 2 ) and leave the q 2 -dependence unaffected. We therefore separate the real photon point q 2 = 0 from each form factor and write
It is straightforward to arrive at the results of Table I . Note that the contribution to G 2 from the relativistic correction to b 1 is equal to the leading b 1 contribution despite the fact that the relevant Lagrangian term is 1/M− suppressed. Comparing the relativistic form of the b 1 chiral counterterm, Eq.(19), with the most general relativistic amplitude, Eq. (1), one would anticipate that only the g 1 form factor gets affected, which, as we see, is realized in the SSE formalism too. In the same spirit, b 6 contributes relativistically only to g 2 , up to our order of accuracy.
Although no commitment to a particular gauge has been made, we may choose q · ǫ = 0 or q · ǫ ǫ ǫ = 0, ǫ 0 = 0; the results of Table I are, as they should be, gauge-independent. This happens automatically for the chiral counterterm contributions. For the loop contributions, however, gauge invariance can be explicitly demonstrated via the use of Eq. (39).
The results of Table I should be compared with the ones in [8] where the real-photon case is considered (no G 3 ). There are differences stemming not from the explicit calculation in SSE but from a variation with respect to our Eq. (31). In particular, there is no contribution to g 2 from the b 1 counterterm. This happens because, in [8] , the coefficient of g 1 in the (S · q)(ǫ · T 3 ) term is 2M N rather than 2M N + δ. Thus, when solving for g 2 , the extra δ piece picks up in our case a contribution from the O(1/M) b 1 counterterm as explained above.
VI. CONNECTION TO ∆ → N γ TRANSITION MULTIPOLES
In the relativistic case the identification of the transition multipoles M 1 , E 2 , C 2 ("Sachs"-type form factors) in terms of the "Dirac"-type form factors g 1 , g 2 , g 3 is obtained [12] by reading off the spin-space tensor properties of the Pauli-reduced most general amplitude, Eq. (1), in the q · ǫ ǫ ǫ = 0 gauge. The explicit expressions are
At the photon point (t=0) one easily verifies that they agree with the corresponding expressions given in [8] . In order to achieve the analogous identification between the transition multipoles and the G 1 , G 2 , G 3 form factors in the SSE case we may proceed in two ways:
1. Use the same reasoning as in the relativistic case, i.e., obtain the multipoles from the spin tensor structure of the appropriate Pauli-reduced expression, Eq. (34).
2. Expand the relativistic formulae for the multipoles to O(1/M 2 ).
In both cases we obtain
As in the relativistic case, they satisfy the long wavelength (|q| → 0) constraint E 2 = q 0 |q| C 2 .
VII. NUMERICAL RESULTS
To provide numerical results we need to fix the coupling constants entering the calculation. We use F π = 92.5 MeV, M N = 938 MeV, δ = 293 MeV, m π = 140 MeV, g A = 1.26, g πN ∆ = 1.05 and b 1 = −7.7, as in Ref. [30] 9 . For the ∆(1232) coupling g 1 in Eq. (17) we use the quark model estimate g 1 = 9 5 g A . Furthermore, as we have remarked, the off-shell couplings y 1, 6 in the spin-3/2 Lagrangian decouple from our results. What remains are the LECs for the dimension 6 counterterms and b 6 . As there is no experimental input on their size, in order to provide some "starting point" for the behavior of the form factors at low momentum transfer values, which is the main objective of this work, we may fix the finite parts of D 1 and E 1 (and assign a finite value for b 6 ) by renormalizing our loop infinities and matching our expressions to relevant, phenomenologically motivated results quoted in the literature. A proper discussion of the issue of renormalization, within the framework of the SSE, is postponed for the (near) future when results from various facilities become available. Note, in passing, that while the form factors are linear functions of b 6 , D 1 , E 1 and thus a change in their values has a "trivial" effect on their t−dependence (i.e., the corresponding "radii" do not change), EMR and CMR have a nonlinear dependence on b 6 , D 1 , E 1 and therefore their t-dependence will be affected by the choice we make in fixing them.
Two examples of phenomenological studies are, a) the effective-Lagrangian approach of the RPI group [9] and b) the recent dispersion-relations analysis of the theory group at Mainz [5] . The widely used RPI fit is based on purely real form factors (and consequently, real EMR), while the imaginary parts we (inescapably) find constitute genuine predictions not affected by counterterms. We, therefore, consider it appropriate to relate our results to Ref. [5] who quote EMR(0) = −0.035 − 0.046 i .
Recently [33] the RPI group has provided complex estimates for EMR(0) at the T-matrix pole:
Using the above EMR estimates and comparing with our expression for EMR(0), from Eq. (45) and table I,
we conclude that we may fit the two linear combinations b 2 ≡
. The above relation provides the necessary input which will allow us to produce EMR(t), CMR(t). We determine
for the Mainz estimate and
for the RPI estimate. Both fits furnish rather large, although not unrealistic values for b 2 and b 3 . In the following we shall use the Mainz fit when displaying results with b 2 , b 3 = 0.
Careful inspection shows that the above "fitting" procedure determines not only EMR at t = 0 but also 
Although a comparison with Ref. [9] may not be altogether meaningful because of the issue of complex vs. real form factors, it is, nevertheless, instructive to note that our values for the magnitude of the M 1 multipole in the standard units (10
are in reasonable agreement with Ref. [9] (289±37). However, the magnitude of E 2
turns out consistently much larger than the Ref. [9] fit E 2 = −5.7, amounting to a (commensurate) much larger EMR than the −2% value quoted by the RPI group in Ref. [9] .
As seen in Figures 2, 3 the values of EMR and CMR at t = 0 depend strongly on the value of b 3 with both ratios increasing to large positive values for positive, increasing b 3 . On the other hand, both ratios appear much less sensitive to b 2 . This is seen from the fact that although the RPI and Mainz estimates in Eq.(46) and Eq.(47) differ by 10%, the required b 2 values in Eq.(49) and Eq.(50) differ by more that a factor of 3.
The t−dependence of the absolute values of the form factors is depicted in Figure 4 , while the t−dependence of the ratios EMR, CMR in Figures 5, 6 using the "choice" values b 2 , b 3 from Eq. (49). From the numerical results it is interesting to note that Eq. (49) implies that the loop contribution to EMR and CMR is predominantly imaginary.
Despite our lack of knowledge about b 2 , b 3 , the slope of the form factors at t=0 does not depend on the LECs b 1 , b 2 , b 3 and is evaluated directly from the loop functions (g i (q 2 ) terms in (40-(42)). We thus define the complex "radii"
Strictly speaking, the term "radii" is a misnomer since the connection to the Fourier transforms of spatial charge/current distribution in the Breit frame holds in the case of elastic form factors alone and thus does not apply here. Nevertheless, the above defined "radii" are of great importance, since they quantify the leading q 2 behavior of the transition form factors near the on-shell point.
The "radii" can be evaluated analytically. Defining µ ≡ mπ δ
For the "radii" corresponding to G 2 and G 3 , t-differentiation of the J, H functions is needed, resulting in two divergent contributions (one non-integrable singularity resulting from differentiating under the integral sign and one divergent surface term from differentiating w.r.t. the integration limit). Treating the integral as a principle-valued one the infinities are shown to cancel out, leaving
The chiral limit (µ → 0) is readily obtained from Eqs.(57,58),
Thus, the real part of r 2 1 diverges logarithmically in the chiral limit while its imaginary part remains finite. On the other hand, the real part of r 2 2 vanishes altogether in the chiral limit, while its imaginary part remains finite. As for r 2 3 , it is the real part that remains finite in the chiral limit while its imaginary part diverges logarithmically. The arithmetic values for the "radii" are shown in Table II .
VIII. SUMMARY AND OUTLOOK
In this work we have calculated the isovector Delta to nucleon radiative transition form factors and the corresponding EMR and CMR ratios to O(ε 3 ) in the SSE. The main features of our investigation can be summarized as follows:
• The overall 1/Λ 2 χ accuracy of the calculation together with gauge invariance imply that our (modified) form factors G 1 , G 2 and G 3 can be determined with 1/Λ χ accuracy, G 1 having a leading O(1) piece and an O(1/Λ χ ) correction while G 2 , G 3 scale as O (1) only.
• The leading t-dependence of the form factors has been analytically computed and shows distinct chiral limit behavior for each one.
• The relativistic correction to the dim. 5 ∆Nγ counterterms has been calculated and produces two terms. Although likely to enter the description of two-step processes like pion photoproduction, one of these terms vanishes in the case of the radiative ∆(1232) decay. The off-shell parameters in the relativistic Lagrangian are found to enter neither term.
• Lack of experimental input on the values of the LECs D 1 and E 1 required to renormalize the loop infinities, as well as provide the value of b 6 , does not allow to self consistently predict the quantities EMR(t) and CMR(t) within the framework of chiral perturbation theory. Given that the EMR(t), CMR(t) actually depend on the combinations b 2 and b 3 , corresponding values have been obtained by requiring that the present SSE calculation reproduces the (complex) values of EMR at t = 0 determined by recent analyses which employ dispersion relations and T-matrix methods. It is found that rather large values for b 2 and b 3 are required. However, this result should be treated with caution since it may be more appropriate to fit the (finite) b 1 LEC as well, for which we have used a value obtained by fitting the Delta width to leading order in the SSE. As a general trend, our results indicate that b 3 affects EMR(0) much more that b 2 does. Fitting to the dispersion analysis (Mainz) result EMR(0) = −3.5 − 4.6i %, our approach predicts CMR(0) = −2.18 − 3.96i %. Finally our predictions for EMR(t), CMR(t) are given in Figures 5, 6 . 
